A hyperchaotic system is introduced, and the complex dynamical behaviors of such system are investigated by means of numerical simulations. The bifurcation diagrams, Lyapunov exponents, hyperchaotic attractors, the power spectrums, and time charts are mapped out through the theory analysis and dynamic simulations. The chaotic and hyper-chaotic attractors exist and alter over a wide range of parameters according to the variety of Lyapunov exponents and bifurcation diagrams. Furthermore, linear feedback controllers are designed for stabilizing the hyperchaos to the unstable equilibrium points; thus, we achieve the goal of a second control which is more useful in application.
Introduction
In recent years, hyperchaotic systems have been extensively studied because of exhibiting at least two positive Lyapunov exponents. That is to say, the dynamics of the system expand in more than one direction and generate a much more complex attractor compared with the chaotic system with only one positive Lyapunov exponent, which is studied by Rech et al. [1, 2] . It means that hyperchaotic systems generate much more dynamical behaviors compared with chaotic systems [3] [4] [5] . Historically, the noted four-dimensional hyperchaotic system was firstly reported by Lörenz [6] . Chen et al. [7, 8] have studied the dynamics of the fractional-order generalizations of the Lörenz hyperchaos equation and found a new chaotic attractor in a simple three-dimensional autonomous system, which resembles some familiar features from both the Lörenz and Rössler attractors. Nowadays, the application of the hyperchaos is becoming a hot topic in the field of chaos. Wang [9, 10] has presented a multiscroll chaotic system generated from a new quadratic autonomous system and introduced a new three-dimensional quadratic autonomous system, which can generate a pair of double-wing chaotic attractors. Moreover, he has also found that the system can generate three-wing and four-wing chaotic attractors with very complicated topological structures over a large range of parameters. On the basis of the analysis above, several useful issues are investigated either analytically or numerically. Ma et al. [11] [12] [13] have expressed many of the dynamical systems generating both hyperchaotic and chaotic behaviors, such as quadratic dynamic behaviors, and analyzed it furthermore in various fields. Yang [14] has analyzed an input control of exponential synchronization for a four-dimensional chaotic system and obtained some valuable conclusions. Wang et al. [15] have studied an asynchronous communication system based on the hyperchaotic system of 6th-order cellular neural network and drew some useful conclusions. Correia and Rech [16] have introduced a state feedback control to the first equation based on Wang and proposed a method that also considers the magnitude of the second largest Lyapunov exponent to numerically characterize points with hyperchaotic behavior, in which two parameters are simultaneously varied, and they obtained some practical and theoretical significance in the practice. Besides this, Choudhury and Van Gorder [17] have discovered hyperchaotic systems in the high-dimensional financial and economic systems and drew some useful conclusions. It has drawn much more attention to scholars because of its potential applications in synchronization, securer communications, and so on, and it 2 Discrete Dynamics in Nature and Society been studied by Yu et al. [18, 19] . Thus, there are important theoretical and practical meanings and wide foreground to further pursue this research.
Chaos and hyperchaos make a tremendous negative impact on the practice, so we can join disturbance or control in the system to delay the happening time of chaos. It is well known that there are many methods to control the chaotic and hyperchaotic systems, such as nonlinear feedback, speed feedback control, state feedback control [20] , linear feedback control [21] , and adaptive control. There are advantages and disadvantages in each control method. In this case, we should choose the correct method to achieve the goal of chaos and hyperchaos control based on the first control.
It is well known that when a state feedback control join into a three-dimension chaotic system, the original threedimension chaotic systems achieve a steady state by changing the value of the control parameters at the same time the original system goes into a four-dimensional system. However, through the theory analysis and numerical simulation, we found that the new four-dimension system produces both chaos and hyperchaos under the condition of certain ranges of parameters. This paper makes further analysis on chaotic and hyperchaotic system based on the new four-dimension system which has been joined in the state feedback control.
Thus, the new system which generates both chaos and hyperchaos is presented, and the complex dynamic characters of the system are analyzed. We adopt the method for the control according to the following rules: firstly, it is well known that the sooner convergence of the chaotic or hyperchaotic system, the better convergence of the effect of the control; secondly, the chaos control of a system should have some practical meanings; last but not the least, the controllers adopted by us should be as simple as possible, because it will be easy for us to operate in the application. Motivated by the discussion above, the linear control is proposed to achieve a second control, and it can drive the new hyperchaos to chaos, the periodic orbit, or a steady state; similarly, it can also restore a chaotic state to the equilibrium point. We outline two innovations, and one of which is that we will analyze and compare both chaotic and hyperchaotic Lyapunov dimensions and give the corresponding chaotic attractors and hyperchaotic attractors; the other one is that we introduce a second controller to the chaotic or hyperchaotic system which has already controlled by introducing a state feedback controller to delay or control hyperchaos, realizing the goal of a second control.
The rest of the paper is organized as follows. In Section 2, a four-dimension system is introduced, and we know that the system can produce both chaos and hyperchaos through numerical simulations. In Section 3, the system is analyzed dynamically, including the chaotic and hyperchaotic attractors. In Section 4, the power spectrums and time charts are mapped via Lyapunov dimension, Lyapunov exponents, and bifurcation diagram. In Section 5, linear feedback controller is designed for driving the chaotic or hyperchaotic system to a steady state, and the purpose of a second control is achieved. In the last section, the results are summarized, and the future directs are indicated.
Construction of the Dynamic System
In this paper, the dynamic system which has already introduced a state feedback control to the first equation is proposed by Correia and Rech [16] , and the system of four-dimensional autonomous differential equations can be described as follows:̇= ( − ) − + , = − + ,
where , , , , and are the parameters of system (1). When parameters = 0.98, = 9, = 50, = 0.06, and = 0.9 with the initial values = 11.28, = −11.21, = −9, and = 20.49, the four Lyapunov exponents of system (1) 
As well as the detailed theoretical analysis, it has been confirmed that the new system (1) displays sophisticated and abundant hyperchaotic dynamical behaviors with parameters = 0.98, = 9, = 50, = 0.06, and = 0.9. The chaotic and hyperchaotic attractors which describe the dynamical behaviors of the system are shown in Figures 1, 2 , and 3.
Dynamics Analysis of the System
In this section, basic properties and complex dynamics of the new system (1) are investigated, such as Lyapunov exponents, fractal dimensions, and attractors. The new dynamic system has the following basic properties.
Symmetry.
The dynamic system (1) which is invariant under the coordinate transformation ( , , , ) → (− , − , , − ) under reflection about the -axis; the symmetry persists for all values of the system parameters.
Dissipation and Attractor.
For the dynamical system (1), we can obtain
If we want the hyperchaotic system to become dissipative with − − = , then which is a negative value will be required. Dynamical system which is described by system (1) is one dissipative system. It is worth noting that a volume element 0 is apparently contracted by the flow into a volume element 0 ( − − ) in time . From a mathematic point of view, it means that each volume containing the trajectory of this dynamical system shrinks to zero as at an exponential rate − − = . Therefore, all the orbits are ultimately confined to a specific subset of zero volume, and trajectories of the system arrive to an attractor at last. 
By calculation, there are three equilibrium points for the system, and the equilibrium points are as follows:
The Jacobian matrix evaluated at the three equilibrium points of the system can be expressed as follows:
It is easy to get the characteristic equation | − | = 0. Thus, we can obtain the eigenvalues at the equilibrium points by solving the characteristic equation. When 
the characteristic equation for equilibrium point 2 has four eigenvalues, and it is easy to show that the four eigenvalues are 
Obviously, 1 is a negative number, 2 and 3 are a pair of complex conjugate eigenvalues with negative real parts, and the forth number 4 is a positive real number. Hence, the equilibrium point 2 is an unstable saddle point in the system, and the hyperchaotic system is unstable at the point 2.
At the same time, it is easy to prove that both the equilib-rium points 1 and 3 are also unstable saddle points.
Lyapunov Exponents and Lyapunov Dimensions.
It is known that most of the dynamic systems can be charactered by the Lyapunov exponents. Figure 4 (a), there is one positive value in certain ranges of parameter , so it is chaotic at this time. In some ranges of parameter , there are two positive Lyapunov exponents and two negative exponents; the system rushes into a hyperchaotic state. In some ranges of parameter , there is one zero and three negative Lyapunov exponents, and the dynamic system appears periodic. In some special points, there are two zero and two negative Lyapunov exponents, and the dynamic system appears quasiperiodic. From Figure 4 (b), it is easy to see that it is similar to Figure 4 (a). In one word, the diversity for the combination of Lyapunov exponents results in the dynamic system appearing more complex behaviors. According to the theory of chaos, the Lyapunov exponents measure the exponential rates of divergence and convergence of nearby trajectories in phase space of dynamic system (1) [22] [23] [24] . As we know that for a chaotic attractor, one positive, one zero, and two negative Lyapunov exponents are needed in a dynamic system, while for the corresponding hyperchaotic attractors, the system should have two positive Lyapunov exponents at least.
Chaos.
For the system when = 1, = 12, = 5, = 0.06, and = 0.1, the four Lyapunov exponents are as follows:
It can be seen that the largest Lyapunov exponent is positive, indicating that the system has chaotic characteristics. The 1 is a positive Lyapunov exponent, and the rest three Lyapunov exponents are negative. Thus, the system is chaotic, not hyperchaotic. The fractal dimension is also a typical characteristic of chaos calculated Kaplan-Yorke dimension by Lyapunov exponents, and can be expressed as
where says the first Lyapunov exponent is nonnegative, namely, is the maximum value of value which meets both ∑ =1 ≫ 0 and ∑ =1 < 0 at the same time. is in descending order of the sequence according to the sequence of Lyapunov exponents.
is the upper bound of the dimension of the system information. For the system in this paper, by observing the values of four Lyapunov exponents in the above, we determine that the value of is two, and then the Kaplan-Yorke dimension can be expressed from the above So, chaos in this system is very obvious. Thus, the corresponding attractors are shown in Figure 5 . As is well known, there is more than one positive exponent in the four-dimensional dynamic system. For the system which has been controlled by a state feedback controller, it is chaotic within certain ranges of parameters. However, the system will rush into a hyperchaotic state when there are two or more than two positive Lyapunov exponents. Thus, hyperchaotic attractors also exist in the system as it can be seen from Figure 6 , and the behaviors of system will become much more complex. Therefore, both chaos and hyperchaos appear very obviously.
Bifurcation Diagrams
Generally speaking, the bifurcation diagram is the best method to describe all the possible behaviors as the parameter varies in one diagram. We take 500 as the total number of time bifurcation diagram and the Lyapunov exponents in different stages. Attractors are also mapped out in every stage as it can be seen in Figure 8 .
Comparing Figure 7 (a) with 7(f), it is easy to see that the two figures are consistent. When = 9, = 5, = 0.06, and = 25 and step length is 0.001, the values of = −1.59 and = −0.56 divide the system into several stages. We assume that four Lyapunov exponents of system (1) satisfying 1 > 2 > 3 > 4 and the dynamical behaviors can be described and classified as follows (1) For < −1.59, 1 < 0, 2 < 0, 3 < 0, and 4 < 0, the system (1) is in a steady state and stabilized to the equilibrium point.
(2) For = −1.59, 1 = 0, 2 < 0, 3 < 0, and 4 < 0, the system (1) appears periodic, because there is one zero and three negative Lyapunov exponents; 
The Power Spectrum of the System. When
= 11.28, = −11.21, = −9, and = 20.49, Figure 9 is the power spectrums of the system with different parameters. characteristics of the chaotic system once again: boundedness and ergodicity. Therefore, there are some methods which can be taken to control the chaos and hyperchaos.
The Time Chart.
The time chart is also a good method to display the behaviors as the parameter varies on the figure. It can be seen that the time charts of the system are shown in Figure 10 
Chaos Control
Chaos and hyperchaos may cause irregular behaviors which are undesirable, so not all the partners in the system can make correct strategies or reasonable decisions in the market. However, in some special environment, chaos and hyperchaos are helpful to our economy. Thus, proper measures should be taken to control chaos in order to advance or delay the occurrence of the chaos or hyperchaos. In this chapter, we take the linear feedback control method. The method comes from the differences between the target signal and output chaotic signal or directly uses the chaotic output signal of the system itself, multiplied by the appropriate coefficient of linear feedback. Several characteristics of this method are described as follows: (1) the method can achieve control for any solution in the original system, such as the fixed point and unstable periodic orbits; (2) it is not affected by the changes of the small parameter, with the characteristic of antiinterference; and (3) there are certain difficulties for the actual system which exist in the interaction of many system variables. Therefore, we should make further improvement from the point of view of engineering application. Nonfeedback and the delay feedback are two methods for the chaos control. Thus, we can achieve the task of chaos control in this dynamic system. Firstly, we have a transformation of the system at the equilibrium point 2 as the following rules: 
Then, the dynamic system can be rewritten as follows: 
We assume that the controlled dynamic system can be described as follows: assume that the controlled dynamic system can be described as follows:
The Jacobian matrix of the controlled system is as follows:
and the characteristic polynomial is:
where
the system is chaotic, and the conditions for the local stability of equilibrium are as follows: 
For (20), they must satisfy det > 0 ( = 1, 2, 3, 4), and then we get And we can obtain the conditions for the local stability of equilibrium: 
When the control gain = 80 is chosen in the system, the corresponding four characteristic values are 
Obviously, the equilibrium point 2 in chaotic state is driven into a steady state, and the goal of chaos control is realized. Similarly, when 
the system is in the hyperchaotic state. When = 120 is in the hyperchaotic system, the eigenvalues are 
Obviously 2 is the positive real number, and the rest three are negative real numbers. Thus, we can get the result that the hyperchaotic system undergoes a Hopf bifurcation at the equilibrium 2. When = 216, we get the eigenvalues according to the equilibrium point 2: 
Here, 1 , 2 , 3 , and 4 are negative real numbers, so the hyperchaotic system is restored into a steady state.
It is found that the controller gain can suppress the chaotic behavior to a steady state. Furthermore, hyperchaotic behavior can also be driven to a steady state or chaos or a periodic orbit because of a linear feedback control.
It draws conclusions that it shows a positive correlation between the degree of stability of the system and the value of the linear controller gain . The larger the value of the linear controller gain , the lower the degree of complexity of the system. It means that the new four-dimensional system tends to undergo towards the direction of a steady state. When the value of controller gain increases to a certain value, the hyperchaotic system reaches a steady state. The larger the value of controller gain , the higher the performance of the stability of the system. Within certain parameters, = 1, = 12, = 5, = 0.06, and = 0.1, the system is chaotic, and the controller gain = 80 can drive the system to reach a steady state; when = 1, = 12, = 50, = 0.06, and = 0.9, the system is hyperchaotic, and at this time the controller gain = 216 can achieve the goal of making the original system to a steady state. The conclusion can be proved once again; the hyperchaos appears much more complex than chaos, and we need to increase the value of controller gain to achieve the goal of making the system in a steady state. For the other systems which generate chaos or hyperchaos, the hyperchaotic controller designed in this paper indicates that this is a simple and feasible way to control and adjust parameters when hyperchaotic or chaotic phenomenon happens in the dynamic system.
There is also a problem that we should pay attention to regarding chaos control, because the chosen control gain is difficult in the practice. Generally, we could analyze the equilibrium point and the stability of the chaotic or hyperchaotic system then map out the bifurcation diagram and calculate the Lyapunov exponents nearby the equilibrium point. At last, we get the coefficient control gain . In this paper, we give Table 1 to express the values of control gain to help us select a suitable controlled value as fast as possible in practice. Table 1 is control tag.
Besides this, there are other methods for chaos control, such as frequency master method, the dynamics state feedback control, period-doubling bifurcation control, and neural network control, so we can choose proper control method according to our needs.
Conclusion
A system designed via state feedback control is proposed, and the corresponding complex dynamic characteristics are analyzed by exhibiting bifurcation diagrams, Lyapunov exponents, Lyapunov dimensions, attractors, the power spectrums, the time chart, and so on. On the basis of the detailed numerical simulation as well as the theoretical analysis, it is observed that the system can generate both chaos and hyperchaos, and the behaviors of the hyperchaos are much more complex and abundant than the chaos. A simple and effective controller which not only can drive the chaotic system to a steady state but also restore the hyperchaotic system to a periodic orbit or an equilibrium point is presented. A linear feedback controller is used to achieve a second control to the system based on the state feedback at the first time introduced and analyzed by Wang.
The next step of this paper is to further analyze and explore the effect of a second control, and there are several brave imaginations for the following analysis:
(1) what the difference between the first control and the second control is to the system in the aspects of effect of complexity and whether there is economic sense in practice;
(2) whether the goal will be realized for maximizing the benefits when the first control and the second control coordinate with and use the advantages of each other, complementary advantages. For example, whether the second controller can play a key role in the process of chaos control or hyperchaos control and realize the control for the second time.
